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Intrinsic bilayer graphene is a gapless semimetal. Under the application of a bias field it becomes
a semiconductor with a direct band gap that is proportional to the applied field. Under a layer-
asymmetric strain (where the upper layer undergoes compression and lower layer tension or visa-
versa) we find that the band gap of a biased bilayer graphene ribbon becomes indirect and, for
higher strains, becomes negative returning the material its original semimetal state. As a result,
the conductivity of the ribbon increases and can be almost an order of magnitude larger that of the
intrinsic unbiased material - a change that can be induced with a strain of only ≈ 2 − 3%. The
conductivity is proportional to the applied strain and the magnitude of the effect is tunable with
the bias field. Such layer-asymmetric strains can be achieved by bending, with forces on the order
of ≈ 1 nN resulting in a layer-asymmetric strain of ≈ 1%. This new electromechanical effect has
a wide potential for application in the areas of nano-force microscopy and pressure sensing on the
atomic scale.
PACS numbers: 72.80.Vp, 73.22.Pr, 77.80.bn
I. INTRODUCTION
Since its fabrication in 20041, single and few layers
graphene have been extensively studied and the docu-
mentation of this family of materials’ remarkable elec-
tronic properties2–4 has fuelled speculation as to their
role in the next generation of electronic and spintronic
devices. Initially, research was predominantly directed
towards the single layer variant. However, it’s gapless
nature is problematic with regard to developing usable
graphene transistors5 and, although a number of meth-
ods have been suggested for gap generation in monolayer
graphene6–9, tailoring the materials electronic properties
still remains a major challenge. One alternative solu-
tion is to move to the multi-layer variant. The extra
layers of bi-, tri- and few layer graphene lead to greater
flexibility with regard to band structure engineering. In
particular, bilayer graphene (BLG) has been shown to
be remarkably versatile. As with single layer graphene
it is a gapless semimetal with the Fermi energy running
through the Dirac point, though the four bands of BLG
are hyperbolic rather than linear10,11. However, the bi-
layer structure makes it possible to electronically gate the
two sides of the material. This bias field changes the rel-
ative potential of each layer opening a direct bandgap12,
converting BLG from a semimetal to a semiconductor, a
more useful electronic configuration for electronic device
applications.
Another method for altering the electronic properties
of a material is the use of strain. The band structure of
a material is directly related to its crystal lattice. Thus,
by applying an external force and distorting the mate-
rial’s crystal structure one can change its electronic re-
sponse. This approach to band structure engineering has
been studied extensively for both mono- and bi- layer
graphene. Specifically for the latter, uniform in-plane
strains13–15 and changes in the interlayer distance15 have
been considered as well as interlayer shearing16 and the
effect of flexure on the Dirac points16. However, previous
work has mainly focussed on unbiased BLG. The effects
of a simultaneous bias field and strain have yet to be
studied.
Here we report on the prediction that a biased BLG
ribbon under a layer-asymmetric strain (where the upper
layer undergoes compression and lower layer tension or
visa-versa) will first be converted from a direct to an indi-
rect band gap material and, under larger bending strains,
will convert back from a semiconductor to a semimetal.
The conversion from direct to indirect band gap will lead
to longer lifetimes for electron-hole pairs at the band min-
ima since direct recombination no longer conserves mo-
mentum and hence is suppressed - a feature that could be
useful in applications where carrier lifetime is important.
The most notable effect of the semiconductor-semimetal
transition is a sharp change in the conductivity with a
higher strain leading to a higher conduction. The mag-
nitude of this effect is dependent on the bias field with a
stronger bias field leading to a larger change in the con-
ductivity. Such a strain configuration occurs when a ma-
terial undergoes bending or can be induced by substrate
strain by sandwiching the material between substrates
with larger and smaller lattice constants, respectively.
A brief qualitative analysis illustrates the physical
mechanism behind the effect. Consider a BLG ribbon
subject to compression on the upper layer and tension on
the lower layer [see Fig. 1 (a)]. Compression narrows the
unit cell of the crystal lattice and hence stretches the Bril-
louin zone. As a result, the Dirac points are move out-
wards to higher momenta. Tension, on the other hand,
lengthens the units cell and hence the brillouin zone con-
tracts moving the Dirac points to lower momenta [see
Fig. 1 (b)]. This opposing shift of the Dirac points of
the two layers leads to ‘k-space skewing’ of the bands,
generating the indirect gap. At high strains, the con-
duction band is pushed below and the valence band rises
2FIG. 1: (Color online) (a) A layer-asymmetric strained bi-
ased graphene bi-layer - the upper layer experiences compres-
sion and the lower layer experiences tension. (b) Schematic
diagram of the band structure at the Dirac point of biased
BLG ribbon under a layer-asymmetric strain. (i) Two un-
coupled graphene layers have degenerate Dirac cones. (ii)
Application of equal an opposite potentials ±V to the two
layers breaks the degeneracy moving one to a lower energy
and one to a higher energy. (iii) Application of compressive
and tensile strain to opposing layers moves one Dirac cone to
higher momenta and the other to lower momenta. (iv) The
van der Waals coupling that bonds the two layers of the BLG
ribbon hybridizes the two Dirac cones leading to a ‘skewed
double well’ topology for the bands which if severe will con-
vert the the ribbon from a semiconductor to a semimetal. (c)
The band structure of a unbiased (dashed) and biased BLG
(solid) in the absence of a layer-asymmetric strain (i) and in
the presence of a layer-asymmetric strain (ii).
above the Fermi energy, generating a carrier population
in the bands and a non-vanishing conductivity [see Fig.
1 (c)].
The rest of the paper will be devoted to a quantita-
tive analysis of this effect. Firstly, we relate the applied
strain to the changes in the electronic properties of the
material by computing the electronic band structure of
a strained BLG ribbon. To do this, we substituting the
strain tensor for the deformation into the microscopic
tight-binding model for BLG, a well known technique
from previous studies of strained graphene6,17–20. From
the band structure it is possible to derive the electronic
properties of the material. Secondly, we will discuss the
ability to generate such strains via bending.
II. BAND STRUCTURE OF BLG SUBJECT TO
A LAYER ASYMMETRIC STRAIN
The crystal structure of BLG consists two monolayer
graphene sheets weakly bound via inter-layer Van der
Waals forces. The two sheets exhibit Bernal stacking
where the A sublattice of the upper (+) sheet aligned
vertically with the B sublattice of the lower (-) sheet
[see Fig. 2]. The length of the in-plane lattice vector is
a = 2.46A˚ and the nearest-neighbour vectors read
RA,1 =
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3
0
)
, RA,2 =
( − a
2
√
3
a
2
)
, RA,3 =
( − a
2
√
3
−a2
)
,
(1a)
RB,1 =
( − a√
3
0
)
, RB,2 =
(
a
2
√
3
a
2
)
, RB,3 =
(
a
2
√
3
−a2
)
,
(1b)
each with length d = a/
√
3 = 1.42 A˚.
In order to evaluate the band structure of BLG un-
der a layer-asymmetric strain we use a nearest-neighbour
tight binding model15. Previous studies have con-
sidered higher order inter-layer hopping terms in the
Hamiltonian16,21. This leads to added structure near
the Dirac point - the single parabolic minimum splits to
give four Dirac cones. However, the energy scale of these
features is small, ≈ 1meV, and hence are only observ-
able in the most pristine of BLG samples where impu-
rity generated disorder has not obscured them16. Thus,
for most applications, where the BLG samples are not
sufficiently free of impurities or the energy scale of the
effect is greater than a few meV , the nearest-neighbour
hopping suffices. Furthermore, one finds that the appli-
cation of a bias field with an energy > 1meV, as will
a
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FIG. 2: The bilayer graphene lattice.
3be the case here, will also obscures these features. Thus,
in the following, we will consider only the nearest neigh-
bour inter-layer hopping term. A brief discussion of the
effect of the higher order inter-layer hopping terms can
be found in Appendix A.
We consider a strained BLG ribbon subject to bias field
of ±V applied to the upper and lower layers, respectively.
The ribbon is orientated such that the armchair edge is
parallel to the x-axis (results for other orientations can be
found by a simple rotational transformation of the strain
tensor) and is of sufficient size that confinement effects
are negligible (i.e. the band structure can be consid-
ered to be that of bulk graphene). The nearest-neighbour
tight-binding Hamiltonian for this system reads10,11
Hˆ =


V f+A (k) 0 0
f+B (k) V 2γ 0
0 2γ −V f−A (k)
0 0 f−B (k) −V

 , (2)
with γ the interlayer coupling and the electron hopping
phase factor reading
f±i (k) =
∑
α
tαe
−ik·[Ri,α+Ω±·Ri,α], (3)
where the sum over α is the sum over all the in-
plane nearest-neighbour vectors. Here, Ω± is the strain-
induced transformation of the in-plane nearest-neighbour
vectors. The ribbon is subject to uniaxial compression
in the x direction in upper layer and equal (but oppo-
site) uniaxial tension in the x direction in the lower layer,
hence6
Ω± = ±ε
( −1 0
0 ν
)
, (4)
where ν is the poisson ratio of graphene. (The derivation
of Ω± for a general bending strain can be found in Ap-
pendix B and for the specific case of a layer-asymmetric
strain induced by a central point load in Appendix C.)
The change in bond length also results in a change in
the hopping potentials. Here, tα = t0 exp [−β (l/d− 1)]
is the renormalized hopping amplitude6 with d the un-
strained bond length, l = |Rα + Ω± · Rα| the strained
bond length, t0 the unstrained hopping amplitude and β
the hopping decay parameter. In principle, the oppos-
ing strains of in upper and lower layer will increase the
distance between the A+ and B− atoms thus changing
the interlayer coupling γ. However, for even for strains
of ≈ 10%, the maximum discussed here, the change in
this distance is ≈ 0.06% and hence is negligible.
The standard diagonalization of Eq. (2) and the
usual expansion about the Dirac points at K± =
(0,±4pi/3√3d) leads to the low energy band structure of
the bilayer graphene ribbon as a function of the applied
bias field, V , and the strain, ε. We evaluate the band
structure for a graphene ribbon subject to a strain of up
to 6% and a bias field of up to 0.3 eV. The unstrained
hopping amplitude22 is taken to be t0 = 3, the poisson
ratio23 ν = 0.165, the interlayer coupling24 γ = 0.202 eV
and the hopping decay parameter6 β = 3.
III. BAND GAP
(C)
(B)
(A)
(a)
(b)
FIG. 3: (Color online) (a) The difference in momenta of the
conduction and valence band extrema as a function of bias
voltage and applied strain. Below and to the left of the dashed
line difference is zero hence the gap is direct. Above and to
the right of dashed line the difference in momenta is non-zero
hence the gap is indirect. (b) The band gap as a function of
bias voltage and applied strain. In the region marked (A) the
BLG ribbon is a low conductivity semimetal - gap is small or
vanishing and the intrinsic carrier population is low. In the
region marked (B) the BLG ribbon is a semiconductor - the
gap is large and the intrinsic carrier population vanishes. In
the region marked (C) the BLG ribbon is a high conductiv-
ity semimetal - the gap is negative and the intrinsic carrier
population is high.
In the absence of both a bias field and strain, bilayer
graphene is a gapless semimetal. On the application of a
bias field the potential difference between the upper and
lower layer opens a gap and the material changes from a
4semimetal to a semiconductor. The band structure takes
a ‘double well’ form with two degenerate minima on ei-
ther side of the Dirac point [see Fig. 1c (i)]. Application
of a layer-asymmetric strain results in compression in the
upper layer, shifting the band structure to larger |k|, and
tension in the lower layer, shifting the band structure to
smaller |k|. This causes one of the conduction band min-
ima to rise in energy and the other to fall. Similarly,
the strain causes the corresponding valence band max-
ima to rise in energy and the other to fall. This breaks
the degeneracy of the band extrema and results in the
sudden generation of an indirect band gap [see Fig. 1c
(ii)]. The difference in k of the conduction and valence
band extrema increases with both strain and bias field.
This effect is shown in Fig. 3 (a).
The change from a direct to indirect band gap will
have a significant effect on the electronic properties of
the ribbon. Most notably the recombination lifetime of
electron and hole pairs at the band minima will be greatly
enhanced since phonon exchange with the crystal lattice
is required to conserve momentum. This will be a great
advantage for applications which require long carrier life-
times.
IV. CONDUCTIVITY
If the applied layer-asymmetric strain is increased fur-
ther the band extrema will continue to rise/fall, narrow-
ing the gap. At high enough strains the conduction band
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FIG. 4: (Color online) The (a) x- and (b) y- conductivity as
a function of applied strain for different bias fields.
falls below, and the valence band rises above, the Fermi
energy. At this point the gap is negative and one gener-
ates a population of carriers in both the conduction and
valence bands. Hence, the ribbon changes from a semi-
conductor back to a semimetal. This effect is shown in
Fig. 3 (b).
The change from semiconductor to semimetal can be
quantified by computing the conductivity of the BLG rib-
bon as a function of strain. The conductivity tensor, σ,
is defined in terms of the current density j and applied
electric field E by j = σ ·E and can be found by consid-
ering the change in the equilibrium carrier distribution,
f(E), under a perturbation, a change which, in turn, can
be found from the Boltzmann equation
∂f(E)
∂t
+ vf (k) · ∂f(E)
∂r
+
∂k
∂t
· ∂f(E)
∂k
=
∂f(E)
∂t
∣∣∣∣
scat
.
(5)
Here, vf (k) = ∇kE(k)/~ denotes the Fermi velocity and
the equilibrium carrier distribution is given by the Fermi-
Dirac distribution
f(E) =
1
1 + exp
[
E−EF
kbT
] . (6)
In the relaxation time approximation, which assumes
that the carrier distribution returns to equilibrium in a
uniform manner, one can rewrite the scattering term on
the R.H.S of Eq. (5) as −δf(E)/τ , where δf(E) is the
difference of the carrier distribution from the equilibrium
distribution and τ is the carrier relaxation time, which
characterizes how fast the perturbed carrier distribution
returns to equilibrium. Furthermore, for d.c. fields in
the absence of thermal gradients the carrier distribution
displays no explicit temporal or spatial dependence and
hence the first two terms on the L.H.S vanish. For small
electric fields the remaining term in Eq. (5) can linearize,
resulting in a simple expression for the 2D conductivity
tensor
σ ≈ −e
2τ
pi2
∑
v,c
∫
d2k vf (k)⊗ vf (k)∂f(E)
∂E
. (7)
The summation indicates that contributions from both
the valence and conduction band need to be included
and the extra factor of 4 comes from the spin and valley
degrees of freedom.
Figure 4 shows the x and y components of the con-
ductivity tensor as a function of strain for various bias
fields (note that the off diagonal components, σxy, van-
ish). The relaxation rate was taken to be τ = 1.3 ps,
which is comparable to values obtained in current relax-
ation time measurements25,26 and results in an intrinsic
conductivity of unbiased BLG similar to experimentally
measured values12. The temperature was taken to be
T = 300K. In the absence of a bias field the bilayer
graphene ribbon is a semimetal and, hence, at finite tem-
perature, has a minimum conductivity which is indepen-
dent of the strain. As the bias field increases a gap opens
5and, for small strains, one sees a reduction in the con-
ductivity with respect to the zero field case. However,
as the applied strain is increased, the gap narrows and
the conductivity grows. For high strains the gap is neg-
ative and there is an intrinsic carrier population in the
conduction and valence bands. Hence, the conductivity
becomes significantly higher than the zero bias field con-
figuration. The slight variation in σx compared to σy
is owing to slightly different Fermi velocities in the x-
and y-directions near the Dirac points. This variation is
a result of the strain which, as it is uniaxial, has a mi-
nor directional effect. We note that a similar effect has
been investigated in monolayer graphene27–29, however
the tunable sensitivity of the effect in bilayer graphene
makes it a more versatile for applications.
V. LAYER ASYMMETRIC STRAIN VIA
BENDING
One way to achieve a layer asymmetric strain is via
bending. Under a downward acting bending force the
upper surface will undergo compression and the lower
surface will experience tension. One method for quantita-
tively analysing bending is Euler-Bernoulli beam theory,
which is a form of linear elasticity theory that aims to
describe the deflection of beams subject to a lateral load
(see Appendix B). The main assumption is that shear
and rotational effects are small and hence is applicable
to beams where the length is much greater than the thick-
ness. Thus, it is an appropriate approach to BLG where
the typical ribbon length is much greater than the thick-
ness of the two atomic layer.
Consider a simply-supported graphene ribbon of length
Lx, width Ly and thickness Lz. The origin is taken to
be at the centre of the beam on the neutral axis and,
hence, the upper and lower graphene layers are located
at z = ±Lz/2. A line load of total force F0 acting in the
negative z direction is applied to the centre of the beam
along the line x = 0. A straight-forward calculation (see
Appendix C) yields an in-plane strain of
ε =
3F0Lx
2EL2zLy
, (8)
where E is the Young’s modulus of graphene. Further-
more, the force induces a deflection that is maximal at
x = 0, the midpoint of the beam. The magnitude of this
deflection is given by
wmax =
F0L
3
x
4ELyL3z
=
L2x
6Lz
ε. (9)
In the interest of practicality one would ideally like to
optimise the strain whilst reducing the deflection. From
Eq. (9) one sees that short, thick beams are preferable.
For a BLG ribbon with Lx = 100 nm and Ly = 25 nm
(which is experimentally achievable30) and the thickness
taken to be Lz = 7 A˚, twice the thickness of monolayer
graphene31, and a Young’s modulus of E = 1TPa31, one
finds that a 1 nN force results in a strain of ≈ 1.2%. This
is comparable to the experimentally measured strains
found when monolayer graphene undergoes bending32.
This strain profile is accompanied by a deflection of
≈ 30nm (≈ 30%). Although this seems like a large
deflection, deflections of ≈ 12% have been studied in
bulk monolayer graphene33 and deflections of≈ 20% have
been studied in BLG34. The reason for both the large de-
flection and the low strains is small thickness, Lz, of the
BLG ribbon. From Eq. (9) one sees that the maximum
deflection (for fixed strain) scales as wmax ∝ 1/Lz. Thus
using few layer graphene rather than BLG would reduce
the deflection (gap opening by a bias field has already
been observed in both tri-layer and few-layer graphene
with certain crystalline structures35,36). However, the
fundamental physical principle behind the effect is iden-
tical to the bilayer treatment presented here.
VI. SUMMARY
We have shown that a biased BLG ribbon generates
an indirect band gap and changes from a semiconductor
to a semimetal under a layer-asymmetric strain. The
conductivity of the BLG ribbon is proportional to the
strain and the magnitude of the effect tunable by the
bias field. Such strain profiles can be induced by bending
with forces on the order of 1 nN. Thus, this mechano-
electronic effect has great potential for applications where
nanoscale forces need to be measured; the sensitivity of
the BLG ribbon lends itself atomic scale pressure sensors.
It is envisaged that this effect will a play key role in
development of nano-electromechanical graphene based
devices.
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Appendix A: Higher Order Inter-Layer Hopping
Terms
The band structure of BLG near the Dirac point is
parabolic when only the nearest neighbour inter-layer
hopping term, γ, (A+ − B−) is considered. This pro-
vides and accurate description for electrons with ener-
gies > 1 − 2meV or electrons not too close to the Dirac
point. If one includes the higher order inter-layer hopping
terms, γ3 (B+ − A−) and γ4 (A+ − A− and B+ − B−),
the parabolic Dirac point splits into four Dirac cones16,21.
This added structure results in novel physics for low en-
ergy electrons close to the Dirac point and although this
6regime requires low temperatures and very high qual-
ity material samples it is, nonetheless, experimentally
accessible37. Including these higher-order terms in the
Hamiltonian leads to
Hˆ =


V f+A (k) γ4f
+
A (k) γ3f
+
B (k)
f+B (k) V 2γ γ4f
+
A (k)
γ4f
+
B (k) 2γ −V f−A (k)
γ3f
+
A (k) γ4f
+
B (k) f
−
B (k) −V

 , (A1)
with the usual electron hopping phase factors, f±i (k)
given in Eq. (3). In the following we take the higher-
order hopping parameters to be γ3 = 178meV and
γ4 = 25meV, which were calculated from the Fermi ve-
locities given in the literature16. As with γ, the change in
the interlayer distance is an order of magnitude smaller
than in-plane strains and hence we assume that γ3 and
γ4 are independent of the strain. In the absence of a bias
field and strain, diagonalization leads to the expected
four Dirac cones with structure on the energy scale of
≈ 1meV [See Fig. 5 (a)]. On application of a bias field
a gap opens and one sees that for fields strengths larger
than the energy scale of the four Dirac cones the detailed
structure of the Dirac point is suppressed [See Fig. 5
(b)]. Since, in the main text, we consider bias fields two
orders of magnitude higher (on the order of ≈ 100meV)
the higher-order inter-layer hopping terms do not affect
the main results.
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FIG. 5: (Color online) The band structure near the Dirac
point when the higher-order inter-layer hopping terms are
taken into account for ε = 0% and (a) V = 0meV and (b)
V = 1meV.
For the situation where there is no bias field the low
energy features of the Dirac point can be observed [See
Fig. 6 (a) and (b)]. Application of a layer-asymmetric
strain on the order of ε ≈ 0.1% alters the band structure
[See Fig. 6 (c) and (d)]. As one increase the strain the
central Dirac point merges with two others. The fourth
Dirac point is pushed to higher momenta [See Fig. 6 (e)
and (f)]. For strains of ε ≈ 0.5% the merged Dirac point
narrows and a gap opens at the fourth Dirac point [See
Fig. 6 (g) and (h)].
Appendix B: Euler-Bernoulli Beam Theory
For a beam which is extended in the x direction, has
width in the y direction and thickness in the z direction,
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FIG. 6: (Color online) The band structure and valence band
contour plot near the Dirac point when the higher-order inter-
layer hopping terms are taken into account for V = 0meV and
(a) and (b) ε = 0, (c) and (d) ε = 0.1%, (e) and (f) ε = 0.3%
and (g) and (h) ε = 0.5%.
the deflection can be related to the applied distributed
force, F (x), which acts in the z direction, via
d2
dx2
(
EI
d2w(x)
dx2
)
= F (x), (B1)
where w(x) is the deflection of the beam, E is the Young’s
modulus and I is the second moment of area, a geometric
factor that accounts for the y − z cross-sectional shape
of the beam. From the deflection the various stresses in
the beam can be calculated. The in-plane tensile stress,
sxx(x), is given by
sxx(x) = −zEd
2w(x)
dx2
=
Mz
I
, (B2)
7where z is the distance from the neutral axis (the plane of
vanishing stress) andM is the bending moment, which is
related to the strength and relative location of the applied
force. All other in-plane stress components are assumed
to vanish.
Given the components of the stress tensor the compo-
nents of the strain tensor can be found from the general-
ized Hookes law, εij = Sijklσkl. The rank-4 tensor Sijkl
is the compliance tensor whose components are related
to the mechanical properties of the material. For the
in-plane components, BLG acts like a planar, isotropic
material, and hence the transformation reads

 εxx(x)εyy(x)
εxy(x)

 = 1
E

 1 −ν 0−ν 1 0
0 0 (1 + ν)



 sxx(x)syy(x)
sxy(x)

 ,
(B3)
where ν is the poisson ratio.
The strain tensor components in Eq. (B3) are those
for the symmetric infinitesimal strain tensor and hence
describe small, spatially constant, rotation free strains.
One can find the rotational contribution to the strain
by computing the antisymmetric rotational tensor18–20,
ω, which is related to the symmetric infinitesimal strain
tensor, ε, via ∇× ω = −∇× ε.
In addition, strain contributions owing to the spatial
variation of the strain tensor can be included by comput-
ing the finite displacement term20. This term is obtained
by integrating the metric connections, Γijk, of the in-
finitesimal strain tensor over the deformation. Thus, the
finite displacement term, Σ(R), at R reads
Σ(R) =
∫ 1
0
dλλΓijk [R(λ)]Rj , (B4)
where R(λ) = λR = (λRx, λRy, λRz) and
Γijk =
1
2
(
∂gij
∂xk
+
∂gik
∂xj
− ∂gjk
∂xi
)
, (B5)
with the infinitesimal unit of length given by dl2 =
gijdRidRj = (δij + 2εij)dRidRj . This term accounts
for large strains that go beyond the usual infinitesimal
strain theory.
Finally, from the above strain tensors one can find the
change in the interatomic distance, Rα, of the atoms in
a crystal lattice20
Rα → Rα +Ω(R) ·Rα (B6)
where R is the location of the atom and
Ω(R) = ε(R) + ω(R)− 2Σ(R). (B7)
Thus, using the above method, it is possible to relate an
applied bending force to the bond deformation within the
material.
Appendix C: The Strain Tensor For A Central Load
In the following, we consider a graphene ribbon of
length Lx, width Ly and thickness Lz. The origin is taken
to be at the centre of the beam on the neutral axis and,
hence, the upper and lower graphene layers are located
at z = ±Lz/2. A line load of total force F0 acting in the
negative z direction is applied to the centre of the beam
along the line x = 0. Thus, F (x) = F0δ(x). From this ex-
pression for the force one finds that the bending moment
has the form M = F (|x|−Lx/2)/2. The second moment
of area of a rectangular beam reads I = LyL
3
z/12. Sub-
stituting these expressions into Eq. (B2) and applying
the transformation in Eq. (B3) gives
ε± = ± 3F0
2EL2zLy
(
(2|x| − Lx) 0
0 −ν (2|x| − Lx)
)
, (C1)
for the infinitesimal strain tensor. As the x and y ten-
sile stresses vary with position one also finds a non-zero
rotation18–20
ω± = ± 3F0
2EL2zLy
(
0 −2ν sgn[x]y
2ν sgn[x]y 0
)
, (C2)
and a finite displacement term20
Σ± = ± 3F0
2EL2zLy
( |x| ν sgn[x]y
−ν sgn[x]y −ν|x|
)
. (C3)
Thus, from Eq. (B7), one finds that the change in the
interatomic distance is given by
Ω± = ± 3F0Lx
2EL2zLy
( −1 −4ν sgn[x]y/Lx
4ν sgn[x]y/Lx ν
)
.
(C4)
Note that the dominant effect of bending is strain in the x
direction. As the poisson ratio of graphene23 is 0.165, all
other contributions are a factor of ≈ 6 less. For ribbons
with large aspect ratios the off diagonal terms become
negligible.
One final consideration is the maximum deflection,
wmax, of the graphene ribbon under these conditions.
This is found to be
wmax =
F0L
3
x
4ELyL3z
. (C5)
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